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THE ABSORFTION AND SCATTERING OF RADIATION IN RANDOM
AGGRECATES OF FEBBLES
by,
Ficholes M. Smith, Jr,
Oak Ridge National Laboratories

Abgtrest

The attenuation of a collimeted momo-enérgetic beam of
radiation in treversing randor aggregate of pobbhl is considered.
It is found that there is a transmission of rediation over and
‘above that allowed by the mean density of material and that trens-

mission is essentially exponential. Tkis implies that e shield
composed of pebbles must te increased in depth by a given ratio
over tht computed by means of the average density slone, It is
shown that thie ratio, called here the channelling effect factor, f,
is given with fair epproximation by the formula
Te 1+0.5A(1- p
(Ar € 1)

where A is the reciprocal of thé average of the reciprocal of the
mean solid end void segmentnl/lengths, 7 the linear absorption co-

efficient in the solid materisl, and o , called the “reduced density".

ie the fraction of volume occupied by solid material.

The problem cof computing the channelling effect reduces
itself to the proMea of determining the probability ol pemetrating
an accumuleted depth x' of solid materisl in traversiag a total
distance x in the pebtle aggregate. The theory for this come

puteilon is developed in genersl for ceses of continuous disiributior

of solid and void segments; and for ceses where these distributions
have only discrite veluss., Assuming constant the probability of e
segnent snding in ex elemental Yength for each of the two view-

' points results in formulse uclike iu sppeovance, but which give
essentizlly thu seme numericel result when the parsmeters are inter-
preted properly. The the sy for tae discrete disiributions is de-

=1

1501

2

SECRET
veloped with the size of the discrete sub-unit of length §® @ jaremeter,
It is skown thet e particularly simple result occurs when the rec/pro-
cal of the length of the sub-unit is equal to the sums of the >=cipro-
chls of the aversge void and average chord lengths. It is further
shown that the results for the discrete case go into the results of
the cont‘nuous csse as the leagth of the 4iscrete stbeunit is allowed
to go to szero.

The effect applises not ony to attenuation, but also to
diffusion; that is, it is e purely geometricel effect,” This follows
from the fact that the probebility of scettering or sbsorption is
found by weighting the probable amount of solid penetrsted by &
negative exponential, that is, by the appropriate transport diffusion
kernel. Therefore the discussion epplies not o:ly to shielding but
to ell problems dealing with the transmission end diffusion of redia-
tion through a bed :t Wy orjented pebbles, end ‘im of sufficient

‘magnitude to warrant sttention whenever the pebble size is comparable

to the relaxation length,

whenever the interstices between the petdles ape filled the
channelling effect still exists, but in reduced amount., A utb‘ of
estimeting the effect for thies case is given, o

Introduction

One of thv problems in nuclear resctor technojiogy is that
of getting a gas coolant into and out of resctor through the shield,
and at the same time preserving the shielding end, in some appli-
cations, keeping the weight to a minimum. The various prcposals for
scoomplisning this include the shielded labarinth (the ORNML grephite
reactor is an example), » porous shield composed of s medium in which
many holes with incommensurate wiggles ere placed (the "perforated
shield”), and porous shield composed of a random stack of approp-
riately ot-”l pebbles to cut down flow mlm {the pebblo
shield). !

15, Gemow and Nicholas M. Smith Jr,, Project RAND Symposiwm of August

7, reported in their RAD-198,
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Considered herein is the gecmetrical effect of the voided
volumes on the attenmuation (and scattering of a random stack of
pebbles. By "rundom : teck™ is meant thet the distritution of the
meterisl is statisticelly isotropic. It is sssumed thet rardommess
is achieved by dumping the pebbles en masse. 1f the pebblee form
regular lattice arrays the stack will not be “random".

Oné's first thought is that the sttenuation in a rendom stack
of pebbles would ve that of e homogeneous medium of the seme material

and of the same averege density as the pebble steck (referrsd to
herc as the "density effect™). There {s, however, & net trausmission
caused by the presence of voids in a pebble stack which is over and
above the trensmission allowed by the average denmsity alone, 1

Thic edded trensmirasion (called herein the “chemnelling N
effect”) is ellowed by virtue of the statistical fluctuation from ray
to ray in solid material pemetrated. The average of this quantity is,
of course, just that corresponding to the average density, But since
the probability of trensmission of rediation along a ray ie weighted
by a negative sxponentiel factor, the thin spots therefore alweys
trensmit more rediatbn then is removed by the thick spots. This effect
depends on there being s distributbn of solid path lengths through the
shicld, If the solid meterisl penetrated is the seme for every parallel
ray (e.g., the cese of pearellel slabs of shield with veids between) the
distridbution is nil, i.e., i = d5lis function, and the transmission
is that predicted on the basis of sversge density alome, It shall be
demonstrated thot he peblle shield must be incrvesed in thickness by e
given ratio (for the same attenustion ss @ homogeneous shiecld of the
same density) becouse of the chenmnelling effect. This ratio, called
herein " the channelling effect factor " becomes approcieble as the
aversge void sise becomes of comparuble megnitude to the relexation
length in the solid materiel. PFor instance, a good rule of thumt {s
that the channelling eficct factor is given by £ = 1 + .5¢ A7 (1-p)
where A » (§°1 + V "1)=1, § 15 the sverge solid contimuous path
length, V the average void continuous psth length, and o the “reduced
density”, i.e., the fraction of total volume which is filled by solid
materiel, and v is the linear sbsorption coefficient in the solid
material,
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The prollem, then, reduces itself to thet of computing the
probability o penmetruting a thickness x' of solid matorial in traver-
sing & totel distance x in the pebble bed. This probability
distribution will depend on the detailed nature of ths distribution
of the continuous solid end void rays (or secgments) determined by
straight lines through the pebble stack. These segmental dis-
tributions in general are complicated; thet of the solid segments
can be computed snalytically for a few regular shapes of pebbles;
however, that of the wids involves a2 canciae knowledge of the manner -

in which the pebbles =tack. The problem shall be espprosched in a
more Aristotelien menner® that simple fuactions for the distridbution
of solid and void lengths w1l be assumed which will allow a manage- .
eble enalyticel anelysis of the problem., The theory will comtain
two adjustable paremeters which will allow, in effect, the matching
of the first and second moments (i.e. the average amount of sclid
meterial penetreted and the standard devistion from the average
amount of solid material pemetrated) of the d{stribution giving

the probability of encountering x' amount of solid msterial in
penetrating the bed a distance x., Since the first two moments cen
be matched, feirly good estimates of the channelling effect can

be expected; end in particular it cen be expsdled that en empiricel
determinution of the adjustable paresmeters for ome special case (cme
experiment with one shape of pebble) will allow one to calculate

the channelling effect for all cases involving that particular shape
of pebble, i.e. for all sizes and velues of the abscrpticn co-
officient,

2. Guunl. Continuous Distributions

One desires to know the probabiiity that im a given
ray of length x in a stack of pebbles a total solid thickness
x' of material is traversed. The pebble bed is assumed to have
statistically isotropic properties.

Let S{n,x)dx® the probability that if n solid segments
are selected at reandom from the seme distribution
that the sum of the n lengths lies between x and
x * dz. The varisble n bas integral velues from

onthudin SECRET
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Let V(n,x)dxe the corresponding distribution for the

void segments,

Centering attention on S(1,x), the probability dietribution
of the length of one segment, it is noted that 8(n,x) can be formed
from S(1,x) by sn (n-1)-fold convelution of S(1,x) with itself. This
leeds to the recursion formulas

s (nx) = {‘ S(e-1, x-x') S(1,x")dx' . (1)

* This formula cen be explained by dividing the interval
from O to x into Ywo at x', Then S(1,x")dx' ie the probability
that one segment fills the intervel from O to x' ending in dx',
and S(n-1, x~x') is the probebility that n-1 segments fill the
remaining interval from x' to x.

In & similer manner the functions V{n,x) cen be obteined
by en p-I) fold convolution of V(1,z) on-{itself,

Now in traversing a given ray through & pebble bed, one
encounters elternete solid and voil segments whose distributions
are given by 8(1,x) and V(1,x) respectively. In any one ray n
solid segments may be encountered, and n, or n ¢ 1 void segments
may be encountered. That is, there is en equal number of vcid seg-
ments to solid segments, or one more or less.

In prineiple the n solid segments from the S(1,x) dis-
tribution mey be essembled together in the interval from O to x',
and the remaining n, or n £ ] void segments assembled in the
interval from x' to x (Sec Pigure 1j.

Thus, iastead c¢f making elteruate random selections from
first one. then the other of the 8(1,x) or V(1,x) distridbutions we
may meke first ome selsction from the Sin,x) distribution, then one
from the V(n,z) [or V(n*1x). or Vin-1,x)] distribution. We now
consider ell the ways in which the interval from O to x' can be
filled with solid segments and the interval from x' to x with void
segments. Since x' is loceted between O and x, there must be ot
least one S(1,z) segmont in the disiridbution. There can be, however,
one more solid than void, vice versa, or equal numbers. This gives
rise to three infinite sums over n.

-5 SKCRET
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in ¥hish a simple convolution of the built-up functions S(as1,x)
and ¥(s,x) =- for the case of starting and ending with & solid
segnetit '~= 15 used to replace the 2n-fold comvolution of alter-
nate solid and void segments. Without loss of generality all of
the 50114 segnenits may be assembled together on the interval be-
twsen $oro and x' ; all of the void segments on the interval be-
tween x' and x, Tbmlnl“w-wthnhww
one segment from the S(n#l,x) distribution, which gives the
probability that nel segments from the 5(1,x) distribution sum
up in leagth in the interval &x aromnd x. An analogous state-
ment dpplies to the replacement of the n void segments by ome
segment from“the V(n,z) distribution. The product of 8(ne1,x')
and ¥(n, x-x*) is then summed for a1l permissible values of n
to give the probability that an array which begins snd ends with
& 00144 segment contains s length x' of solid materisl. This
sun must be aultiplied by the probability of starting the array
with @ solid seguent, and then divided by the probability that
the 1ast %0114 sognent ends in the element dx at x, since this
last restriction -- already implicit in the dofinition of the
8(1,x) distribution -- must be removed as one is unconcerned with
m\wumw-uormm. Othsr sums, properly
weighted, are formed for arreys which start with solid material
and end in wid, ete.

-5a-
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The probebility that there shall be x' totel length of

solid metter and thet the sum of the solid end void lengths shall
equal x is then:

Pt = (@) SQx) B6ex)
0(./9! 8(n*1,%) V(n,x-x*)

n®1

* la/g * /sy ¥ Sinyx') Vin,z-x")
: n*l -

’(P/.)2 S{n,x') V(n+l, x-x') .
n=1

'(»/.)m.x) 3(x*-0).

The summations are respectively for one more solid than
veid, oqual number of esolid and void, end one more void than solid
segment, For completeness, when x' = x we can have the case of
one solid and no void segments; and when x' = O we can have the
case of no solid and ¢né void segments. These extrs terms are
conteined in the velues including the delta functions.

The weighting factors, p, q, r, and s are defined as
follows:

P ¥ the probability of starting with & void segment in dx at xs=Q,
q * the probebility of starting with & solid segmentin dx 2t x=0,
r * the protebility of a solid segment ending in dx at x, and

& ¥ the probability of a void segment ending in dx at x.

Consider the terms corresponding to an array which has one more
solid segment than void eegment, {.e. it .tarts with a solid eseg-
ment and ends with a solid segment. These terms are weighted
with g ae a multiplier to allow for the chance of starting with a
solid segment, At x, the end point of the arrey, the final solid

1501
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segment so far is constrained to end in dx at x. Since this
constraint is undesirable we remove it by dividing by r, the
probability of solid segment ending in dx at x. (It will be
remembered that S(1,x) is the probability for a solid segment
to extend for e length x and then end in dx st x.) For those
terms corresponding to arrays starting with solid and ending
with void segments the weighting factor is q/s; for thoee
starting with void end ending with solid segments the factor
is p/r; end for those sterting with void and ending with void
scgments the factor is p/e. Letting S represent the average
velue of x in the S (1,x) distribution; and similarly V
represent the average value of x in the V(1,x) distribution;
that is:

5= f. z S(1,x)dx, and-
o

(3)

V= I. x V(1,x)dx,
°

a moments reflection will show that

P‘l dx . Q.LuO
] El
(4)
P‘% ’ ..av 5

since the pebble bed is statistically isotropic.

e SECRET
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Since all distributions used have been nermalized,
and all sums properly weighted we expect that the integral

.'o. -
{ (x*,x) dx ()

Bquation S will serve as & veluable check whem explicit fuactions are
introduced for the 8 and V functions.

Letting 7 represent the sbsorption (or scattering) probability
per unit length of the solid meterial, the reduction in intensity of

the primery radiation in penetrating a distance x of the pebble bed
is given by

y
I(x) ' ‘ ’
w ° { """ P(x',x) ax', ‘®)

It should be pointed out that the general theory contains implicitly
one assumption which may or may not be true. Namely, that in the
selection of a sequence o segments, alternately void and solid,

that each selection can be made independently of the preceding
selections. As our distribution contains logically en infinite

number of segmente, the depletion caused by the removal of any onme
segment does not alter the distribution.

But physically, if one pebble has assumed a perticular
orientation, this orientation may alter the orientation of the
pebble. However, even though it may be true that no sequence or”“
lengths in a given array is rendom in itself; it becomes rendom
losing its identity in the total ensemble of arrays. 5

-9-
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3. A Particular Cese - Exponent ial Distribution of Solids and
Yoids;

In order %o get functions which cen .e handled snalyticell;
and which have somc similarity to reelity, the essumption is made
thet the prebability of & solid or void segment ending in the
{nfinitesimal dx is uniform - i.e., the ending of the segment
occurs at random. ' This assumption can be easily shown to be equiva-
lent to the sssumption that the distribution fungtions, s(1,x)
end V(1,x) are exponentials with negotive powers. These dstribution:
could be further altered to chop off the long segments, or otherwise,
but in the absence of knowledge of the form of both S and V, end the
desire for snslytically usable functions, it is sensible to stay
with the completely exponential distribution. F. H, Murray® has com-

2 cp.c-2922 F. H. Murray

puted the distributicn of chord lengths for the right circular
cylinder and cube and this dietridbution is certainl. not exponen=-
tial, some values of the longer chorde being much more probable
than the very short or the longes® chorde,

When the pebbles have flat sides, there is an appreciable
probability that one flat side is partially sgeinst another. In
thie mamner chord lengths can be built up which sre longer than the

longest chord inside one pebble.

The distributions sssumed in this section would correspont
more nearly t¢ s combination of ecrushed and unscreened absorbing
and non-absorbing materiel, suck as iron and graphite. Nevertheless
the first moments of the distributions may be matched to the experé
mental case, end the second moments will be of the same order of
magnitude, Hence, elthough non-similar in appearance, the end re-
sult will not be expected to diverge toowidely from the actual csse.
The theory is in effect built on an arbitrary model but supplied with
two adjustable parameters. :

Furthermore, the theory at the very least will serve to
guide experimeatstion, to show the qualitative dependence on the
parameters Molmwmhudhwﬂmﬁﬂomrw ;
imate methods of eveluation. It is poesible that there exists

-10- SECRET
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other simple functions for S(1,x) and V(1, x) which sre better

approximations end which also yield integrable functions, We
assume then that

S(1,z) =y o™=
{7)
Vil,x) =v ¢""%

We note et once that

§=1

r®udx ,
s*"vyé=.

Furthermore, we can prove by simple induction on n that

s o ol

6.0 (9a)

Formula 98 obviously holds for n = 1. Assume it holds forn - 1,

Then the integration of equation 1 proves it also holds for n,
completing the induction, By similar process we have

1 g-vx
Viax) = v %— (ob)

f‘;“{g & 1501 13

SR

Substituting equation 9 in equation 2 one obtains:

Plx'x) " :{‘;' V% §(x-x')

ot e st

. puye~lux' * v(z-x")] s (uy x‘sul'!)"l
b a®1 l@-1)212

R S S I T Sl = ) L

uty n=1 (n-1)* al
+ = VX (x*-0) : {10)
uty

By means of the definitions of the Bessel function of
imaginary mtsz

3 Jehnke-Emde "Tables of Punctions,” p 128, Dover Publication.
m
TP W § b (11)
: oo s #*0 ! (mwp)!

from which the summations of equation 10 may be expressed:

GECLASSIFIED vt
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Plx’,x) '* e UE  §(x.x') ¢ :!: e "% §(x*-0)

vx'  ulz-x').

5 (21 /AT

uve~ [ux’ *+ v(z-x"))

. z:,{u Ve =) * . (12)

For plotting purposes we note that the argument of the
Bessel Punctions in equation 12 is of higher values thsn are
Sabulated. It is comvenient, then, to use an appreximetion ¢

4 British Association Mathematical Tablee VI, Cambridge.

obtained from the asymptotic series for aigh values of z:

o [ 22 aE g gegea
1¢ + +
l 1o EBF gy ay3

Joliz) =

B B 12,35 12,3%,8,7
13, (12) = - 2 oty % i
’ *’ Uies) 2! (s-_)f . 3 (82)3 -

(a1l terms for J) being negative except the first).

A numerical investigation shnws that the first two terms
of the series yield values better than 10°° of tabulated values
for 2 %10. Hence, using two terms in the expansion and re-
arranging terms we get:

Plx',x) = -;-‘-:-?- .—.%f,—:{(mn‘) .(-——0‘)-‘-

o e e

B

o N AR iy R IO s ety oo

where

b * v(x-x')
¢ = '
d = u{x-x*)

€ Tuvx'(x-x') = ab * ed

Using ocaly the first term in the curly breckets, one gets values
good to hetter than 2% for z > 8, This uuu. diverges for

x' =0 and x' = x; but F(x', J"-l"ﬁ“’ sero on these

values, St o \-)-

Using x*20 em, uC.3 cm™}, and v=0.6 om”1, F{x'z) has
been evaluated and plotted in Figure 2, by formula 12.

We now desire to evaluate the integrals
I ¥ g
4 P(x',x) dx and { "X P(x*,x) dx°.
Since the first integral may be obtained from the second by allow-

ing 7 = O we shall evaluate the second integral. To do so we
make use of the Laplace Transform Method,>’

SA good text sufficient for the purposes of this discussion is
Churchill, "A Modern Operstiomal Mathemstico in Engineering®,
MeGraw-Hill ‘Book Co.., Inc,, New York, 1944.

The | owing elementary operations will be performed:
a. /The definition of the Laplace transformation of the
.,,/ i %

-lde SECRET
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F (X',20em)

2

v*0.3em™

]
0
X'(cm)
-FiI6. 2~

%mmmnuormm
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LAPE), et <) e px) ax,  (1se)
L]

b, The addition theorem

L{AF(x) *BG(x)I=Ar(z) + B gla), (15b)
where f(z) * L (F(x)} , glz) =L (G(x))

¢. The convolution theorem

L {' P(t-x) Glx) ag) * £(2) gla) (13¢)
d. The displacement theorem
L{e*™ Flx}} = f(z-a) : {184)

e. The inverse operation, denoted L-1 {)

1 .
Ul{tla) )= Fix) == T" e*% r(z) a8 (1%)
oni ik

The complex integrel is eveluated along & path from

7-1® to Y+i® with ¥ of such value that the path is to the r
of all poles.

function F(x), (throughout this discussion the capital letter .
will denote a function and the same letter but lower cese will
denote its Laplace trensformation]:

where z is in general a complex number and where the symbol L{ )
denotes “he Laplace traneformatica of",

1ght

Operations g and g may often be evaluated from tables of

Laplace trsnsformation®,

4 -

€Ibia. Appendix III, see also Campbell and Foster "Fourier Integrals™,
D, van Nostrand Co., New York, 148,
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f. The Csuchy residue theorem:

It £(z), s complex function, can be expanded in the
neighborbood of a pole 3, in the form

tiz) 2 (2 - 35)?
(l)'". 8y (2 - 2
where m is some nsgative integer end a; ere comstents, then
& $tle) dz oy (15¢)

The constant a_j in the expanmion is called the residue, and
m the order of the pole. If there are more than one pole, then

i § P(z) dz = I (residues). (15h)

Since equations (1) end (2) are in convclution form we
note that (from 15¢)

eln,z) = L {S(n,x))} = (s(2,2)]"

(1€)
vin,z) =L (Vin,x)} = [v(2,2))",
and
ell,2) = i‘ %% ye*UX gy = ﬁ '
(17)

vil,z) = '—:" K

(the symbol y sbove represents the parameter; the Laplace trens-
format fon will be represented by v(n,x)]*

We define s function R(n,x)

.hol) = .-ﬂ a(l") : ‘m
i SECRET
HEOLESSIFIED
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and note by equation 15d that
‘ n
l’(n,l) o | cmpnm——ca—
ztutr

The integral J  e7®'F(x’,x) dx' may be expressed
in convolution form, since

v u
I: e~Tx' Flx',x) o = o~ (Che g | J— e~ VX
uty uty

+  ve——

ulutv) “© 501 R(n*1,2') V(n,x-x') dx'

(20)
":'-1: £ Riax') Vioaext) ax’
sl TNk :
'("'{o nel (n" , V(ﬂ’l. X=X ) dx*,

Let F (x) represent the three last terms of equation 20,
then, by equation 15b (the addition theorem) apng 15¢

h(z) = L {H(x)} =

v

ek £ i) via® (21)

uty n=]

. '1::,—;,5:1 r(n,z) v(nn.s)’.

1501 20

sessee
:
v
bt 4 ]
.
voeee

.
.o
-
.
.
. sesess

Sensens
b

H
asasee
averee
i e
-
T




SECHET
: .
Sines I e t<1, we have
a*l l-t
;h’ = -i— b
uty (2%us7) (2-2,) (2-25)
+ 2uv 1

e ﬁ
uty

(34v) (3-3y) i3-2p) '
where 2, and 3, ere roots of the equation

(ztusr) (adv) - uv = Q;

5 -} (uewrr -V (utver)Z - T,

(23)

5 - b (wever o (uver)Z - e

The inverse transformation
~1 = = & g
"% n(s)) = Hix) = I,_‘. *® n(z) dz
is elementary in its evaluation, since all the poles of the integrend

are simple. The residue of § f(z) ds where f(s) has & mmple pole
at z ¥ g, can be evaluated by the limiting process:

(
E-u.»‘ (3-84) f(s) = residue ot 2,
-19-
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By this process (or by tabuiated fotRula #14, pege 295, Churchill)
one gets that

' 1 \

(e-b) -8t + (a-c) e~Pt +(b-a) e~Ct

(s*a) (=*b) (s’e; (a=b) (b-c) (c-8)

Appiication of equation (Z4) to equation (22) will result
in the following: 1) the contribution of the poles at 3 « - (utr)
and z = - v will cancel out the first two terms of equetiom (20)
(which were omitted from H(x)). 2) After fairly lengthy
algebraic condensstion one gets: m

‘(uﬂ")' - 4vr + (utv) 0‘ :-‘w' r

L . (24)

I
-—(.—)- ° I' P o ™= P(l'.l’ dx'

I(o) ¢

Kexp { . -:- (-mv - ‘“m,z - 4 )}’1 (25)
ﬁ (utver)2 - qvr - (uty) -(:‘:'5) al
L | 2 ‘ (utver)2 - qvr

x-..s % (ower + m)} '

A otﬁ, of equation 25 reveels the following:

1({x)
im J— - J‘ Flx',x) dx* = 1 (2¢)
) "‘ iuo’i ®
fulfilling the expectation of equation 5
i -~ SECRET
L 1501 22
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b) Letting u " ™ Ve mw . them :
Lim '*' |
‘.‘Hg = . ; (27)

that is, as the sverage solid and void segment goes to sero the
reduction in intensity in the pebble stack becomes thet of the
homogeneous medium of reduced deasity;

e) l.hl_.; PR o (28)
™ 1(o) utv

this latter being the cesc for pebbles being totally cpaque,
end gives the probability of void arreys extending through the
whole stack.

d) the second term decays much more repidly them the first so
thet for sny ressomsble value of x it is essentially sero

end in addition the coefficient of the exponential of the
second tere is small;

e) the coefficient of the first temm is < umity. For
uXv 37, for instance, If u®™ v = 7, the coefficient of the
first term s C.95, of the second .08; if u = v * 4 the
coefficient of the first term is .997, of the second .003.
Therefore for v § u S v,

;.B- ..{- .:.(.-.‘m-/(m)!-tv' . {(29)

Por * > y ¥ v the more genersl formuls must be used.

21~
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One may aleo determine the average amount of solid
material encountered in traversing the pebble bed at distance x:

x' = J‘ x' ’(.v. ., dx' (w)

by the Lsplage transformmetivd The integral again mey be expressed
in convolution form. The evalustion of the residues is somewhat
more complicated since sll of the poles of the imverse transform-
ation are of the second order, There results (as indeed it must -
from elementary comsideratbns)

v
F.-L

uty

(31)

Thet is, the average smount of solid meterial encountered is that
smount expected from the homogeneous medium of reduced density.

4. Cemparison of Theory wits Experiment

One experiment designed to measure the chennelling effect
has been conducted by Palledino and Clifford” of the Osk Ridge
National Laboratory. In their experiment the source of radistion

76.R.N. L. Memorendur File Ne 47-11-22, K. J. Palladino and C. E.
Cliffoerd, "GCssma Ray Attenustion Tests on Steecl Plates and 1"
Diameter Steel Punchings”, 1 October, 1947..

for the experiment was the graphite moderated pile st OIL,

Part of a plug in & lange hole roughly
two feet square in cross-section through the shielding wes removrd
to increase the radistion. In front of this hole was placed e
specially constructed box in wkich could be inserted various thick-
nesses of irom plates or various thicknesses of irom punchings, one
jnch in dismeter end for the most part e half inck in thickness

-22-
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(elthough there were appreciable numbers with thickness . rom
3/8" to 3/4"). The punchings were retainel at front and beck

by & 1/4" irem plate. After correcting for the effect of the
m-mpummm-mpmmusn points in Figure 3,
For the case of the iron plates the astual distance was doubled
to sllow for sn effective reduction in density of one-hslf --
mh.um‘hon“mhotmtmuul of the
punchings to thet of the solid tron. A greph of e 2 44 drewn
with 7 ® 0,238 om™ ) chosen to fit the data for the irom plates

(solid Jine ),

A theoréticel estimation of the asttenuation in the punch-
"n«lm—ocammotmm-dv.

Mthm“u&olpmltﬂuuwu
Vthﬁ“nmmmuﬂ.th”“‘ta

R e ad - —— -

8¢ should be pointed out thet the Ceuss formule for the sverege
-unxmum.ummm«mxulmu
mmuonuwm-mmrutnmm‘n-mn
infinity. The so-called case of "{sotropic radietion” refers to
s radietion flux from sources ot 211 solid engles ot infinity.

For the cease of pile radistion, where the sources ere extended in
Mmu—.anmmqumm«wnmm
mcm.mmm-mmunt-wm
chord length. tul-cmu-mucrmnu”nmm
nqttmhtbpﬂo. end the pile sbsorptionm, end ie in gemersl
less then the sversge chord length 4 ¥ §given by Ceuss.

b-“hmwmm The everage chord corres-
ndtquth-ihnmn.u

Y , 1501
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For the case where the sources ere on the surface of the sphere,
the sversge chord length Ioneaet 38 &iven by

n/2
1 o 5 .
contact © = f° ’[”P "‘i’].
For = sphere p * 2r cos « @,

er [a
Toontact * i ‘[F]

= p,

Therefore, when we apply the theory of finite v~ides to the cese
of diffusion, en average chord length somewhet less thea
should be used. This diecrepency in I is of magnitude 10% That
is, we tend to overestimete the chamnelling effect for diffusion
if Gouss theorem ie applied. Az this is of the nature of a
correction to s correction, we shall continue to use Ceuss®
theorem for the average chord with the mentel reservation that
we can correct this value when the correction is warrented.

seve the everage chord in & solié (with no concavity in its sur-
face) is given 4¥/S, where V is the volume and 5 the surface.
For a right circular pylinder of redius r and height r, this
becomes:

4

e i Ak S

ot +
Thus, if we set u = 1/r, we get

u®0.8 enl,

From the experimental observation 7 that the frection of voided
volume 1o 48% ¢ we may set v = u = 0.8 en™ 2,

-2
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Figures4 contains a graph of F(x', 30 em) for the
case = v 0.8 em"1, ueing equation 144

The dotted line in Pigure 2 has been computed using

the above numerical velues and equation 29, yielding I(x)/I(e) =
-0 m.

The experimentel points snd the thesreticel curves
agree reasonably well.

Since only this one experiment hes been carried out
one hesitates to make strong claims for the theory., At the
very worst, however, the paremeters u and v may be adjusted to
fit one experiment and should give reesonsble good fits for
other values of Ar (different size psbbles of the same shape
or different redietion)., Thus, one must carry out at least
one experiment for every shape of pebble end u and v may be
determined as proportional to some measurable dimension of the
pebble. =

The theory could be tested with monochromatic
X-rediation (very emall pebbles could then be used us 7 would
be high). Since the reduced demsity o = v/(utv) ie very simple
to measure one needs in primciple only one attenuation experi.
mont to compute u and v,
If 8(1,z) is taken to be a delta ‘umction:
s(1,x) = & (z-e),

then it is eeasy to show that

Sin,x) » $(x-na)
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and similarly

v{n,x) = 5(zend) .

For a shield, lamineted with meteriel and void
spaces -~ ss for inetence spaced homogeneous plates --
the summetion of equation 10 reduces to the one term for
which n = x/(a ¥ b) end the resulting reduction in intensity

given by

T)/Ilo) = o= = o-Ton/ (8 ),

that is, the reduction in intensity is that corresponding %o
the homogeneous materiasl of reduced demsity.

One can, however, relax the comstraint thst the
solid snd void discrete unit-segments must slternate, and
consider insteed the probebility of having s run of solid
or void unit-segments. This ls the nature of the develop-
ment of thiz mext section. Thue ome builds up a rum of
alternete void lengthe composed each of rums of unit-segmente.
The result is & theory involvinz discrete distributioms. If
in sddition, the sssumption of uniform probebility is mede,
one expects results, on the whole, cimiler to thet of the
preceding section.

5. Alternate Model - Coveyou Formuls
o e = o J o e —— - e

R. K. Coveyou has suggested en sltermate model
which shows the same behsvior: es equetion 29.

Consider thet all the pebbles ere cubes and rigid-
1y oriented in space. Comsider further a cubie cell of
size oqual to the cubic pebble, =nd let p * probability
that the cell is occupied by a cube. This is to be inter-
preted as the fraction of tae total wlume occupied by solid

~&8~
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meterjel which we ghsll define ss "reduced density”. If
A = the size of e cell or cube, there will be 2/A.cells
in & line ray penetrating the shield from front to back.

The probability that k' celle sre occupied is then

=/
Pk') = &' (1- g - K
l'

m:‘mnw«-_ : 1y unity,

Now the sttenustion in csch pebble ir ™ where 7 is the
absorption coefficient, hence

i/1g = ;’“ /A O (1) (WA TR
k'=¢ | '
c -pepe™? (32)
or
ig*expl 2/A 1a [1-p¢p e ™)}, (a2e)

Note that the exponent ie negetive, when the pebble size
shrinks, it {s easily shown that

Lim (/1) « o-®"

A-0 (33)

Purthermore, the exponent of equetion 322 iz always less in
ebsolute value than that of equation 33. That {s, the sttenu-
ation in the pebbles is slways less than thst of the homo-
geneocus case, and is exponential. This is in qualitetive
egreement with the previous thecretical results and subd-
stantiates our interpretation of the experimental resulte,

The Cuveyov formula dows not comsider varistion of
solid segment thickness - a distribution which must sugment
the channelling effoct. For pebble not of cubic shape and one

-9~ SECRET
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where all orientations are possible, it fe¢ diffizult to interpret
whet uu-ththm-.in.\. In addision the interpretat-
u-usuufmun-.‘p/_b. As far as the sbsorption is
Whmuu'mumuuxmu-m
Sverage chord (4W/9); but for the number of pedble spaces z/A,

mean of the chords with the qunrcbm-ow-eniuvu:.
uumm«mmg the deen chord 4 WS is used for
A, the errore will tend to compensete. Using, therefors,

AP LESem o=}, 7025 ], wo got thet

1/1, & 1202

2 line whick is indistinguishable from the results of computa‘ ions
using equetion 29,

Let us now consider the €eneral thsory in the light of the

Coveyou model in order to €€t & more nearly complete understanding
of the problem.

¢ Ihe Case of Unifors Frobebiliyy with Segments of Diserete
lompte

When the distribution of the unit-chord lengths is &
delte function, we must build up the prirary cmnmtm
artifieially. In ec doing, o distribution is obtained whiek is
not continuous, M‘uiiummuhno“nm-uﬂ
uniform set of poinvs. That {s, one is constrained to teke an in-
tegral sumber of umit-chords. In &n anslog cus menner to the
definitions given in Section 2 let

s{-.t)-mmunp thet n chords from the S{1,k )
/mmnwuumhl-lm
—ﬁrm-\l

nu.a-u-,uumuwﬁntmumm
Ml-hmun*uhnh-ﬁ-m

-~ SECRFT
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Similar definitions are made for the Vin,k) distridbutions.

In eny sequonce of .solid and void unit-chords, thers will
be in genersl s run of solid, then a run of void unit-chords. Tak-
ing each run as & whole gives then the S{1,k) snd V{1, k) die-
tridbutions. The problem ie of exsctly the same nature ss for the
cese of eontinuour distribution except that the integrals are now
replaced by summetions. In perticuler, we may aleo consider s
case of uniform probebility es we did to cbtain the exponenticl
distribution of equation 7, .

Consider o chord mede up of several unit-chords, snd let
the probebility tant a given unit-chord in the last segment in thie

sequence be p. Then
S(Lk) = p1 - ppk -2, (34)

e know that we have ot loast Qo unit-eho probebility thet
it ds followed by k - 3 unit chords 18 (1 - p)* ~' 1 40 p 14 the
probability thet the lsst cne terminstes the sequence., It might
sppoer that S(1,k) should be given by (1-p)¥, however when S(1,k)
is normalized the sbove egustion results.

Consider « space k units long, divided into twe parts,
those vaits foom © to k', snd from k' to k. The probability that
one §(1,k) edord k' unite long fills the intervel from O - k' and
that (n - WS0,k) enords £111 the fnterval frem k' %o k is the
produet | e

Slael, k.x') 201,x%)

v 1
Slayk) » .':.

Sinel, k=k*) m.;':.
k=

(*8)
8- et
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The upper limit of the summation results from the fact that we must
allow at the upper limit space for n - 1 of the S(1,k) chords, each
of at leest one unit-chord in length.

. Using now the 5(1,k) resulting from the assumption of
uniform probebility, we get

k-1
s(n.k)x(k )p‘(l-ﬂ""- (ze)

n-1

kquetion 3¢ mey be proved by induction, but inssmuch as
the induction proof itself invnlves tue use of generating functions
we shall employ the gemerating function directly which allows en
evaluetion in ¢ manner which is entirely operstional; i.e. without
. recourse to induction end the intuition required to guess the
correct sOlution.

Fe first point out the anslogy between the so-colled
generating funetions an! the Loplece Trenmsform, The €enerating
function for the S(1,k) distridution is defired

s{lL,x) = = < s(1,K). {(37)
k=1

We shall henceforth refer to equation 27 ss o trensformet jon, and.
the funetion s(l,x) os the trensform of S(1,k). Tae inverse trans-
formation is very simply obtained:

SiLk) = (0¥ slrx) (28)

where N!'"m"!hmmumot:‘uwhum i.e.
hihmh.g(cﬂ.l)ncpmruuahn.

Nete the anelogy between these trensformstions and the

corresponding operations for the Leplace traneformetion. The
varisble x ocoupies & similar position se ¢”%, The inverse

operation may bs written
-23n ; SECRFT

SECRET
S(Lk) = ((x°1) (.x*=1 40,4, (3e8)

an operation which has similarity to the evaluation of the
complex integral of an inverse Leplace transformaticn.

Letting the eymdol G{S(1,k)} represent the trane-
formetion of 37 and G°! (s(1,x)) the inverse transformation
we note thet on enalogms mnlutlu‘chom holds for the
cenerating trensformation:

‘.
1
G 23:: Sln - 1, k - x*) 2(1,k*) }' s(n-1,x) s(d,x), (29)
since
o $*? sia-2 wat) su.r)}
kiel
. i x.h.!.l = - k* et
-5 " S{a,- 1, k - k') s0,x")
T o st
ok v Sle=1, k-k*) »**' s(1,x%)

and, by reversing the order of the summetion

L ] £l
o Ut s Rek? i .
t N . Sln=1, x-k*) =*' s01,%%)

® -
s 3 *E Sel k) 3 2 spa)
klk'=) k'=)
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Now, by means of the recursion reletion (equation 35), we

eln,x) = [s(1,x))". (40)
Using the expression for s{1,x) {equation 34) one gets:

o(L,x) = px1+(1-p)x+ (2~ P2 a2 .. ]

=z -»-’; - .
1-{1-p)x
And, therefore
{px)®
eln,x) = kit (408)

(1-(1-p) x®

end the inverse transformet fon

'

P~® Sia, 1) = ((29))
: (1-01-p)x)n

= ((#*") (1- (1-p) ",

k-1
S(n,k) ) '. (!'P)... . {z¢)
n-l i

Similarly, one gete

Note that S(n,k),being normelized, always contains
the tpliutiu that the segment represented by this function
is followed by » voided segment. When we get to the end
of the intervel we do not in general csre whether the next
segment begine with a solid or void,

Now the distribution of solid esnd void segments
which result from random drawings from a mixture of solid
end void unit segments is simulsted by two drawings - ome
from S(n,k) end one from V(n,k). A1l of the solid (S(1,k)
segments have been pushed together from O to k', and ell of
the void V(1,k) segments are assembled in the interval k*
to k.

The “txperimental™ anslogy to the methematical
formulation is &s follows. we substitute the word “bleck™ for
"eolid™ snd "whive™ for "void". We heve s large (infinite)
bin full of black and white -- snd grey -- sticke sll of the
same length and febricated in such a menner that they can be
made to stick together like tinker toys. The grey lickages
heve the remerksble property that they turu black when attach-
ed to a black stick; white if evieched to a white stick. A
fraction q of the sticks are bleck; a fracticn p are whites;
all of the remainder sre grey. Note that P *q in generel s
less then unity,

We call an sesistent and keep him busy for seversl
deys at drawings from the bin. He starts by drewing until he
gets a bleck or white stick. Suppcse it is black, If the
next draring is grey or bleck he sttaches it omto the firet,
ete., thus building up o lemgth of k black sticke (since the
grey ones have turned black). Whemever he drowe s white stick,

he throws the atteched linkogee into the S(1,k) bin and proceed:

in @ similer way with hie white sticke, filling the V(1,k) bin
with them,

We then teke = gpecond sesistent who mekes two draw-
ings from the £(1,k) bin, fostens them together and throws
the combined linkage in the S({& k) bin. A drewing from toe
8(1,k) ‘lb-l.kilh-—atmib.ﬂ and S(p-m,k) bin --

-38- SECRET
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are fastered together and put in the Sin,k) bin.

A similer process is carried out for the Vin, k) bine.

h‘&“m‘.-ﬂ-‘umw
cuh-mlh.t),m-lmu-ﬁovh.k) bin, or
Vin<l,k or Vie*l,k) bin. In the diagrem, Plgure 5, one set of
wummulmmxmgmum‘-
of opposite color,

The probebility thet slternste selections of veid
end solid 8(1,k) and V(1,k) seoments sdd up to exseotly k is
teplaced Ly the probebility of drawing just ongefrom the 8(n, k)
end from the Vin*lk); Vin, %) or Vin-2,k) b4n. Call this
protsbility E (k).

Flk) » 3 Fie', k).
k.

PRtk

S0,k 8.,
vip*a)

.9
* o T S(n*), k') Vin,k - l',
n

rip*q) (42)

2
* —

P*ta

S(n,k*) ¥i(n,k-k*)

M

g 2 Sla,k*)  Vieel, kek’)
alp*q) .

. "'":-. Vi,k) 8o .
alp*q)

b= SECRET
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PAGE 37 Or 5278

V(i k)

V2 k)

V(3,k)




The terms including tae Kronecker deltes are for
cases where k' * k, and k' ® 0 when the rey contains all solid
or all void material nq:cﬂnly.

In the first double summation of H (k',k) we have one
less void segment (one less V(1 k) that is) than solid eegment.
That is, we start and end with en S(1,k) segment, Therefore,
the term is multiplied by the probability of starting with a
solid segment a:.. Inasmuch as these terms represent end-

ing with a solid segment we note that the last one contsins ime
plicitly the probability p thet it is fillowed by a void seg-
ment. As we do mot care whether it is followed by void or solid
88 we quit when k units are filled, we remove this factor by
dividing by p. As there are alternste solid and k void

8{1,k) and V(1,k) segments inside the interval, their terms
cancel out as they are always followed by a segment of opposite
type. -

The seeond swmation conteine sll those terms which
begin with one type snd end with smother. The terrs teginning
with & solid segment must e multiplied by 7 for the
probat ility of starting with » solid, end divided Ly q to remove
the necessity of the last segment teing followed by a solid.
Similarly the terms sturting with 2 void and ending with s
solid are multiplied by N~ The sum is 2/ (p*q).

‘Analogously the last swmetion is multiplied by
;h since it represents starting with e void end ending with

a void,

The summations are mﬂod out over all the rsmge for
which the argument hes values,

For convenience in notation let p*q 5t snd 1-t®rp,
be define a function G(k), oné substituting the velues of
S{1,k) and vil,k)

-38- ' SFCRET
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Hik) = f (1-p) =1 + f- (1-q) %1 + Glx). (43)

Thet is G(k) containe those terms involved in the double summations .
Making the mh. function tremsformation g(x) of G k) we
get (by convolution theorem, equation 29)

q x
€lx) * == I g(n*),x) vin,x)
pt n®=1

b3 @
¢ == I gin,x) vin*l, x)
t ™)

M8

eln,x) vin*l, x). (44)

+

P
at ,

From Equation 40, the transform of S(n,k) -- and similarly for the
trensform of Vin,k) we get on substituting into equstion 44, and
further noting that the transform of the first two terms in 427 may
be included in the first and third summst fone: s

¢ ® px nt]l qx n
) ¢ = 3§
Pt nag &-(l-phl 1—(1-4)!]

0:2’-’:]‘[“ ‘.

t n=) Ll- (1-p)x 1- (1-q)x

e o F a ¥ ax s
* — z W et T ——
qt n%0 | 1-(1-p)xz 1- (1—1)1] - (e8)

A l. 1 "”’ C.'}’ 41 "
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On performing the indiceted swmations snd simplifying, one gets,
since

’i"tn.-a-i and § 2 =201 - 2)°1
neQ as]

ex{l - (l-q)x]
e
t (1-z) (l-rx)

nixj =

2pg x°
t{1-x) (1-rx)

+

p x{1 - (l-plex)
’ R ——
t(1-x) (1-rx)

(4€)

One needs the power series expansion of (1-x)-1 (1-rx)~1:

1 1 ™ 2 B
- o wone * X '- . I (rx)
l-x  l-rx peo 1=

*‘A"R *

v £ Haef .8 4
0 %0 s

1.1

1~»

(47)

end ie therefore the coefficient of ™.

p
*,-" SECRFT
Making the mverse trensformetion (the coefficient of xX) one gets:

ax) + 4 1, £ 1 - &=l
t 't

. .3!. (1-rk=1

2
Rl R R
%

f Bi<) = L (48)
Thue F(k', k) is normalized for sll values of the perameter t3p+q.

) To compute the transmitted inteneity we must evaluate
the summatfon, which for unit incident intensity {e:

1) = F A pue, w), (49)

where Sis the linear absorption coefficient 7 multiplied by the
length A of the unit segment. Equation 49 may be written in con-
vclution form if we group the exponentisl with the S(n, k) distributi:
We define

W(n, k) = e~Fk’ S(n, k)

,(“' ‘) (Fe-P)n [e-B1op)jhn | (508)

n-1

The transform w(n,x) of Win,k} ie therefore

e~F px'
win,x} = % (50b)
1-e" (1-p)x

SECFET
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The transform i(x) of I(k) becomes:

n+l o n
qx
Ll -{1 - 4q) ‘l

-

c ‘ﬁ T n [~ n
‘ — !I -:----l:i:-llvn q'
t 81 | 1e"f (1ep)x {l- (1-q)x
P | ax -
® o e e e . (5])
at pz [1-e7f (1-p)x 1-(1-q)x

The transforms of the two terms not under summation signs have
been # sorbed in the first and last term above by setting the lower
" limit of n at zero.

On performing the indicated summation we get:

qePx (1-(1-q)x]

tizg) =
t(l-ex) (1-bx)

3 ,-ﬁ Pa x7

t(1l-ax) (1-bx)

p x[1-¢"F (1-p) x)
. . (s2)

t (1-ex) (1-bx)
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where a and b sre the recipraocels of the roote of the equation

1= (2% (1op) + (1-q)) x + e=® (ise) 2 20 .  (53a)

Selving
- P (1-p) (1-g) + ‘ e~ (1-p) + (1-qP%.4 e P(i-1)
2 ePl1-v) deae
s ZP0-p) +0-0) (e Bir-p) + (1-9)17-4 o Plie)
2
2 e (1.0) 3 (82g)
p | 1
and 8 = e—— . b = t—
52-
% {
B
te note that
a+b= oF (1.p) + (1-q),
b-azy foh (1-p) + (1-Q))% - 4 ¢ (1.4) , (54)
ab F (1-t)
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1 1
— 0 —
l-ax l-bx

o . (55)

Using equation 5% %o determine the coefficient of x™ we carry out the
fnverse transformation, which on simplifying becomes

1 = £ \aePrp, o ()

e-b t a

Bt o ( qefsp e"F (t-1)

i + . (s€)
a-b t b

For the case where there is no dilution of the "white™ and
"black” unit sticks; j.e. -hn P*q ¥ t= 1, we note from eguetion
52 that & %0 and b * ¢ (1-p) +1-q=e"® g4, and therefore

(k) .
=1 = (qe P ek | (87)

™
Rl

wranen

. s .
et T L T Y

A result which is identical with the Coveyou formula (equation %)
since 9 * 2 ; p = pand # * A where A lam?u‘uof.uun@

ment,

4 7. 7ne Continuous Caer e e Limit of the Digcrete Case.

te desire now te sllow t to €0 to zero in such a manner
that the average solid and void segmerts in the S(1,k) and V{l,k)
distribution remsin constant. letting A be the length in centi.
meiers of the unit segment then thege average values are

=

v "3
Therefore if we set

P = ud

qQ =WV

£ =

T = (uty)A
and k = z/A

and take the limit A< we expect thet tnc discrete camse will o0
to tae continuous cese in the limiting precess.
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Keeping in mind that we dlow A to go to 210, we make the Since
approximation

k‘.s 1 b “)./k X

e i .m - @

e i ; " r ;
vEA (s v o2 i 8 100 _“"’"’"g"'”""' lg) -.,('.'l;‘.m .\hwm)-!-«v)}

o fereer lh—-x—-ﬂr-a-u'-] R amans- o

b #3 {Lo'v * 7] . [Uv v+ :)l - ﬁ]__‘];‘ \‘(u"”,z.‘".(.”, i (;—';—')'
- {- -(\lﬁ" 0¢ ’Lﬁ")} .

2\](uw)z - avr

'-'h‘ v
g S By am— |

r uty
!-v& s-1) . ufy sy Jlusven2. mﬁ] ] That is, in the limit, the equation for the htm;tq of
e %9 ;"“«“' : J}" trensmitted rediation goes from the discrete to the continuous case.
a
g 2 8. The Distribution of Solid Materisl.
-T.
e (2 -1) e [utrrr lurven2. e & ;
b 2 2 The distribution of solid material for the case where
P*q = 1 is of interest in the completion of the picture. Setting
Q=P p=1-p, we have
Combining p
A

 Hetver) Zogur)® o (uay)+ (-;'- 7

!fﬂ'

O L —l

e e

tlluvwen) ? o
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-1 k-k'-1
+*
.-_1)( I’l)
k' -1 k-k'-1
20
(l-l.) ne-l )

.« & S kv * 1 - o)k 8+,0.

2 -1\ fr-xr ) (2
+ & (1pkk' 5 3 ‘
P, 'v.o(: -1) - )(v) (60)

f k«k*'-1 2
Now 50 is in convolution form. Its trans-
S .- 2

ne-yvy v
form is, therefore

1+ ',8 1+ .)l-k'ol .« (14 :)k-k'-l
and the inverse transform - the coefficient of x . {s

g [x-x-1) {2 k-k'+1 '

== () (0)

may be written in convolution form, since

o

0 T e I -

The trensform of the sum (62) {s then

(1 + x)k'-l (1 + ’)k-b" ’1. (1 + ')k

The inverse transform is e coefficient of xX'

k' -« 1) /k - k' +1 k
X B . (e2)
n (k' - n)( n ) (k')
Thus we have demonstrated that (for ptqrel)
k . .
Flk,k') = (k) &' 1 - p)krk (e4)

(the Kronecker delta terms being absorbed).

To exprese the discrete cese formula (in terms »f length
rather than k we dorgu

u"! « ave. lemgth of S{1,k) distribution

(€5)
v"! « ave. length of V(1,k) distribution.
T SECRET
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Therefore

Wl o ap-t

(ee)

vl . M-l
since p*! 1s the average number of unit segments in 8(1,k), ete,
From 66 and the fact that p + q = 1. we get

Ae (u+y)-l

P = ufu+yrl (€7)

Q= viu+yrl

We therefore, replace A by (u + v)"1 to write equations 32 and ¢4,

I_‘:.,-oxp {s(u*v)irl‘l-; 0.:. e-'ﬂ}(ﬁ&)
I(o) uty uty
(-(t +v) ) v 2 (u + v u  (2=2') {uey)
Flz',z) « —— P . (egi
2'(u + v) uty ut v

Equation (68b) has been compared with values obtsined from the case
of continuous distribution (Bquation 12) for y 0.2 em™! ana
ve(,6eml, For the seme velues of u and v the "discrete” case
does not give the same distribut jon as the continuoue case; but,
instead, gives a distribution with less dispersion. 1f, however,
3(u + v) 1s used to replece u + v (3 v for v) very good agreement is
obtained. This is illustrated in Figure 6,

The curves suggest the causefor this effect. Ore can com-
pute the standard deviat fon of the two distributions for comparison,
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Pigure 6

MMM“WWMOfuIM-w-
mmwumm—.cr-mouuu‘uw
the continuous aistribution and by the dischete distribution
(pchx)mmmmm“unmuumw
the two viewpoimie, In the text it is shown that the stand-
mmummtum--nu-muum
Square roo’. of two times that for the discrete case for the
same values of the parameters, Also illustrated is the fact
tht'.tthm.forﬁoﬂmh.umhlvdn
gocd fit results; in this case particularly in the region
orh'x'-lhucluotmomw. Were the
nwofnndvm,wmbcnud--
sity of 1/3 instead of 2/3, th. surves would be nirror im-
mamm.mmmm.uumuzou-m
v. mnmmmnwu’wmz-
mu:',.wmummmmhmxuor
penetration would result.
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The second moment of the continuous distribution is given by

x
(x*)2 . g x*)2 P(x,x')dx’ (69a)

and the standard deviation, o, by

. (x")E . @~ ; {esb)

On substitution of F(x',x) in €98 the result mey be expressed in
convolution form and the integral evaluated - using meny pages of
computation - by the Laplace Transform method. Using the value

of X' already computed, Eguation 30, there results

2uv 2uv u?v (v-2u)
o « gt ‘(“”".1 + — " pe——— '(\'"’3
) (c ) (""’3 - . )l. (70)

Or, when x is sufficiently large
: Zuv

o° = x. (71)

(uv)®

The Mﬂ deviat bon, I, for the discrete distribution ie
well known?, since Flk', k) is binomial,

%.471 Pry, "Probebility and Its Bugineering Uses”, D. Ven Nostrand,
1928 -

S

2 ekp(1-p). | (72)

To convert thie into length rather tham numbers of unit segments
Equation 72 1s multiplied by (u + v)"2, thet is by A2, k replaced
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by x(u * v); p by w/(u + v) end (1 = p) by v/(u +v) getting
&!t“t L X 2 (73)
lu+y)2 i ¢

Thus, to get the same diepersion in both cases the u and v taken
in the discrete case must be one-half the u and v in the continuous
case,

Therefore, to get the same numeriesl result, when using
the continucus distribution then ons may estimate ujl (the
subseript ¢ for continuous dutﬁ&mﬂoa. d for discrete distribution
with p+qel) by taking it to be Gauss average chord 4V/S; when
using the discrete distribution “3)1 ie estimated by taking it to
be twice u;l or 8 V/S. This interpretation is not congistent with
the interpretation given by the Coveyou formulation, where
A e (u‘h‘)'l is taken to be the average pebble size or 4¥/S..

This is summarized ss follows: From the #cneral theory one gets

-

1 -
';;1 - ::ii- » -::l- q:l- .
3 1.4 '
From the Coveyou formulation one getn

4
ue"l . (1-p) ug? by

’

o 4V
- =3 & s
ey »

There ie, from the present discussion, no way to cnoose
between these two interpretetions, end one sees that the experi-
Mentsl test was fortuitous in that p=), end the two interpretstions
€ive identicel resulta.
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fietitious, and serve only to build & medel for computation pure
poses there l-h-tluthmuyofmmunm

meters experimentally., mm-omummm
every eize of pebble of s given shape, however, but for only one
size, since the u~! gnd ¢! will be linearly related to a measur-
able dimension, and the p will be constant.

Messurements could be teken with monochrometic x-rays
for virious shepes end sizes of pebbles 8o that the u™! ang v~
values could be given for the different shapes for headbook
computation,

% Engincering Frosedurce.

% In order to design s pebble shield of minimum weight and
thickness or to design s pedbble pile the chennelling ef'fect must be
known. To determine this effect it is desirsble te mcke one or
more experimental measuremente of sttenuetion in pebbles of the
iype chosen. It is pointed out that the models herein presented
both prediet that the factor by which the thickness is increased
over the deneity effect (here defined as the channelling effect
fector) is the same for pebbles “..ing the same shape, and for
which 7A i3 the Game -- where 7 is the sbsorption or scettering
coefficient and A is a peremeter proportional to a linear dimension
of the pubble, f.e. is (u + v)=1,

If we cell f the channelling effect factor, and define
it by the relstion:

’p“ (I f, . !m (l). "4)
-B4e SECRET
HE S HasiEtED 1581 7
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Mmmnusuwrmwnm-uc
PAT
fa= . (”’
= dog1 -p + p A7)
where A « h’v:‘l
mdfor l-p+pe™ & 1,
AT
Lll'.* i (7e)
- 1- oM
%e note also that ol
Lim
ge o5 (72)
. 7oA (78)
oN 3
L — e —— - (79)

4
Ay * ~10g (1 - p)

A graph of f ve Ar for various velues of o is €iven
ip Plgure 7. 4 yeetwm1 approximation cen be made for the
channelling-effect factor which is in agreement with (75) to sbout
15 in -1, end can be used for quick estimates of the effect for
engineering design Purposes until more sccuracy is needed: :

f = 140.5¢ A7 (1-p); Ar<y. (75a)

10. Diffusion in a 4 b

The interesting question now eppears of the effect, if eny,
of the finite voids nn the diffusion constants in & pebble pile,
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The chamnelling effect factor, defined as the ratio for
the sene attemsetion of the thickness .f a peble shield to that
n.m.m«.mmmw-um
microscopic properties; is here {llustrated according to the inter-
pretation given by the discrete theory, The paremeter » is a
mmmso&u-mﬁhuﬁotthp&h.

The slope of the curves starts out as {1 - ¢) and inereases
monatonically to (1 - 9). The approximate straightness in this
region of interest (AT € 1) leads to a simple rule of thumb:
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: consideretion of diffusion ss a rendom walklO, we

1OThere is danger in spplying the theory of random .alk blindly to a
heterogeneous system composed of golid end void spaces. This is show
very clearly in computing the first end sscond moments of the ren-
dom walk distribution of the case of diffusion perpendicular to
alternate solid slebs and void epaces -- =11 solid and voicd thick-
nesses being equal. One gets her *het the first moment -- the mean
free path -- is that given by the 1isity correction alone; but the
second moment (uscd im the computation of the difusion length) ie in-
eresced over and ~bove the density effect,

This is in contradiction to the present theory snd to computat fons
made with boundary velues ss well as being offensive to ones intuitive
judgment.

The peredox enters from the sesumption implicit in the rendom walk - -
that one is permitted to select any step at rendom, However, if the
step selected ends in & void espace it muet be rejected as physically
unacceptable. Thus the random welk argument cennot be applied.

One might first think that the seme criticism epplies to the present
argument. However, there is a constant probability, due to the
statistically isotropic charascter of the pebble bed, that any step
selected must de rejecte, and, therefore, the distribution is preserve
on the whole, and the random walk argument is aspplicabdle, -

have that the probebility of e step termineting in dVe dx dy dz on
the l"h step is

Plx, y, 2) dx dy dz = P(x) dx P(y) dy P(z) dz

1l xz + ,? + '2
®  m— XD dx d’ dz (m)
AT (2n)%/2 2A2

 §
Mrokzo-l-,’s K,

”
v

I = length of given step,
N = average number of steps from birth to sbsorption.
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ummmmmumummn is given by:

R Plx,y,v) av

- .Al.l-‘ N
but the diffusion length L2 1y given by

,,z.%.l;.l. : (e1)

For an expomential scattering law, the probability of path leagth §
is '

) -+ -t

One can show essily thet the first moment (the mean free patn) is
.. )
Jaz) 2.
o

end the m—n

F-I;'pu)u-a\! . (82)
L]

Tnerefore, we have derived thet

2. El o ﬁ . (82)
) 3
s + 7y '
letting N ¢ e  gquetion (41) ie shown to be approximately
%

the ususl expression for L°. Now iansofer &s the chemnelling effect
sroduces en expomential lew of decressed sbsorption (or scattering)
the scattering meen free path is increased by a factor similar to
that used in the case of complete absorption on the first esllision,
However, the magnitude of the effect {s changed as one introduces
the tremsport -tmnnhplmoftu»nrpue-ulmln
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length and furthermore the mean chord is reduced.® Thus, simee
e®% 45 the transport diffusion kermel for s plane collimnted
Source, one has in these considerations the treansport correction to
the diffusion in the pebble bed. The channelling effeet factor on
the iron cylinders described was 1.082 (for relaxetion length in
iron at 4.8 em.). For graphite pebbles of similar size end shepe
the diffusion length will be sugmented by a factor of sbout 1.114
over the density effect, as the mean-free psth for a neutron in graph-
ite 18 & 2.8 em. Tbus the criticel mass of e pebble pile made of
such pebbles will ve increesed by a factor of 1.4 over the density
correction, or, since p- #, of a total factor of 5.6 sver the

solid homogeneous pile,

The effect, them, in diffusion is of such magnitudc that it
m % be c.usidered, even in approximste computations,

The channelling effect on the Fermi age will be comparable to
but usually less then the channelling effect on the diffusion length,
beceuse the scettering mean-free-path is usually longer at the high
energies.

) The effect herein descrived is a purely geometrical effect
end is independent of the geometry of a particular problen,

1. Random Heterogeneous Mixtures of Two Materiasls,

One may also reise the question as to whet channelling offect
exists in » rendom heterogemeous mixture of two materials -- such es
iron pebbles in cement -- » that {s, to a situetion where the voids
are filled with e different materisl.

This problem may be reduced to the preceding problem (i.e.
one of random aggregetes of pe. bles with voids in the interstices)
by e very simple d~vice,

Let the absorption coefficient in the petbles be 71, thet
of the interstices be Tg+ One then can subtract out of the problem
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the homogencous component of the absorption leaving & pseudo solid
with absorption coefficient -7 (assuming ”n? '2) with inter-
stices of zero absorption., If Tp > 74 the situation is reversed.
One then computes the channelling sffect correction on the ‘hetero-
geneous component ", getting its effective attenuation, then adds in
the "homogeneous component™,

For instence, if the bed of iron pebbles described above
having a channelling effect factor of 1,08 were %o have its inter-
stices filled with a materisl having an absorption coefficient of
one-half thet of the iron, the channelling effect factor would dron

to 1.02.

A simple inspection of the distribution equations will
Justify this procedure esnalyticelly,
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